ISRAEL JOURNAL OF MATHEMATICS 108 {1998), 139-143

NORM ATTAINING OPERATORS FROM L; INTO Ly,

BY

CATHERINE FINET*

Institut de Mathématique et d’Informatique, Université de Mons—Hainaut
15, Avenue Maistriau, B-7000 Mons, Belgium
e-mail: finet@umh.ac.be

AND

RAFAEL PAYA**

Departamento de Andlisis Matemdtico, Facultad de Ciencias, Universidad de Granada
18071 Granada, Spain
e-mail: rpaya@goliat.ugr.es

ABSTRACT
We show that the set of norm attaining operators is dense in the space of
all bounded linear operators from Ly into Leo-

A bounded linear operator T between Banach spaces X and Y attains its norm

if there is 29 € Bx (the closed unit ball of X) such that

ITzoll = IIT|| := sup{||Tz|: = € Bx}.

Starting from the Bishop-Phelps Theorem [3], that the set of norm attaining

linear functionals on a Banach space X is dense in the dual space X*, a lot of

attention has been paid to the question if the set NA(X,Y) of norm attaining

operators is dense in the space L(X,Y) of all bounded linear operators. We refer
the reader to {10}, [4], and 8] for details and background. In this note we settle
the denseness problem for a concrete pair of classical Banach spaces by proving

the following
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THEOREM: For every o-finite measure u, the set of norm attaining operators
from Ly(p) into L0, 1] is dense in the space L(L1(p), Loo|0,1]) of all bounded
linear operators.

There is a relation to recent efforts to discuss the Bishop-Phelps Theorem in
the bilinear context, which actually motivated our work. Recall that the space
of continuous bilinear forms on a Banach space X is isometric to L(X, X™*), the
operator T which corresponds to a bilinear form ¢ being given by

<T:an> = <p(:v,y) (I’y € X)

If ¢ attains its norm, i.e. there are zg,yg € Bx such that

le(2o,90)| = |lell == sup{le(z, y)|: z,y € Bx},

then it is clear that also the operator T attains its norm, but the converse is far
from true. Y. S. Choti [5] has recently shown that the set of norm attaining bilinear
forms on L;[0,1] is not dense. Thus, the above theorem shows that L,[0,1] is
an example of a Banach space X such that NA(X, X*) is dense in L(X, X*),
yet there are continuous bilinear forms on X that cannot be approximated by
norm attaining forms. This answers a question posed in [2]. Further discussion
of norm attaining multilinear mappings and polynomials can be found in [1], [6],
and [9].

Our result may have the independent interest of giving a new example
of a compact Hausdorff space K such that NA(L;[0,1],C(K)) is dense
in L(L;1[0,1],C(K)). The problem of characterizing compact spaces with this
property was posed by W. Schachermayer [11] and remains open. It follows from
results by J. Lindenstrauss [10] that K having a dense set of isolated points is a
sufficient condition. Since Ly [0, 1] is isometric to C(K) where K has no isolated
points, that condition is far from necessary.

Proof of the Theorem: Let u be a o-finite measure on a set 2 and let m denote
Lebesgue’s measure on I = [0,1]. We start by recalling a well knownrepresen-
tation of the space L{Lq(u), Loo(m)), which is nothing but L (4 ® m) where
it ® m denotes the product measure on 2 x I. More precisely, the operator h
corresponding to an essentially bounded function h is given by

ROANE) = / h(w, )£ ()da(w)

Q

for almost every t € I and all f € L;(p) (see {7, §3.2 and Ex. 3.27], for example).
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Now let h € Loo(t ® m) be a simple function, i.e. a linear combination of
characteristic functions of measurable subsets of 2 x I. The set of these simple
functions is a dense subspace of Lo, (u®m), so we are left with showing that the
operator h corresponding to h attains its norm. By normalizing h and up to a
rotation, we may assume without loss of generality that ||h}|.o = 1 and that h is
identically 1 on a measurable set S C © x I with positive measure.

For every w € (Q, the integral

x) 2/0 hw,t)dt (0<z<1)

is differentiable, and its derivative is h(w,z) a.e. in I. Since S has positive
measure, there is a measurable set A C Q, with 0 < u(A) < 00, and 0 < y < 1,
so that (w,y) € S and so that F/ (y) exists, and is equal to h(w,y) = 1 for every
w € A. Taking 6, — 0 and B,, = [y—6,,y+06y], we obtain that ||u(A) " xall; = 1
and that

IR(k(A) " xa)ll = (h(u(A) " x4), (1/260)x5.,)

/26 / h{w,y + t)dtdp(w) —

as n — oo by Lebesgue’s dominated convergence theorem and by the choice of
4. This shows that the operator h attains its norm at the function w(A) x4, as
required. |

Let us point out a characterization of norm attaining operators which is
suggested by the above proof. For a simple function A we got measurable sets
ACQ,0<u(A) <oo,and B, C I, m(B,) > 0 for all n, so that

. 1
o % (A,

[ hd(u®m)l = bl

Given an arbitrary function h € L (1 ® m), condition (1) clearly implies that
the operator h attains its norm. Let us see that (1) is also necessary in the real
case. Assume that ||h]le = 1 and that h attains its norm. We first claim that
there is a measurable set A C €, 0 < u(A) < oo, so that h attains its norm at
the function (A) 1x4. Indeed, assume that || f]l; = 1 = |A(f)lleo, and use the
Hahn-Banach Theorem to find ® € Ly [0, 1]* satisfying

|2l = 1= (®,h(f)) = (h"(®), f).
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Then h*(®) is a norm attaining functional on Ly(u), i.e. a function in Lo, (u)
that attains its norm on a set of positive measure, and we simply take A to
be a subset where the function is identically 1 or —1. Since ||g|lcc = 1 if and
only if ||lgllc < 1 and there are sets B, so that m(Bn)"llan gl — 1, taking
g = h(u(A)"x4) and writing everything in terms of the kernel h gives (1).

In the complex case an obvious modification of the above argument only gives

. 1 ~
@  Jm s [ b 00 dm 0 = 1.

for some measurable function # whose modulus is identically 1. Nevertheless, (2)
still implies that A attains its norm at the function p(A)~0x4 and we have a
characterization as well. To see that (2) may be strictly weaker than (1), it is
enough to take y = m and h(w,t) = exp(2miw).

Finallyy, it is worth wmentioning the striking contrast between
NA(L1[0,1], L [0,1]) and norm attaining bilinear forms on L;[0,1]. Y. S. Choi
[5] proved that there is a measurable subset S of the unit square such that the
bilinear form corresponding to xs cannot be approximated by norm attaining
bilinear forms. On the other hand, the operator corresponding to any simple
function does attain its norm.
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